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Abstract. We consider classes W"{[0, 1]) of subsets of [0, 1], originally 
introduced by Falconer, that are closed under countable intersections, 
and such that every set in the class has Hausdorff dimension at least 
s. We provide a Frostman type lemma to determine if a limsup-set 
is in such a class. Suppose E — limsupi?„ C [0,1], and that fin are 
probability measures with support in En- If there is a constant C such 
that 

y\~" dfin(x)dfiniy) < C 



IP 



for all n, then under suitable conditions on the limit measure of the 
sequence (/in), we prove that the set E is in the class 5f ([0, 1]). 

As an application we prove that for q > 1 and almost all A £ (|, 1) 
the set 

Ex{a)^ {x £ [0, 1] ; |a; - s„| < 2""" infinitely often} 

where s„ £ { (1 — A) X]fc=o o-k^'^ and € {0, 1} }, belongs to the class 
for s < — . This improves one of our previous results in 5 . 



1. Introduction and Results 

1.1. Intersection classes. Falconer introduced in [2J classes of subsets 
of with the property that any set in $f ^ has Hausdorff dimension at least 
s, and countable intersections of bi-Lipschitz images of sets from ?f are in 

. There are several equivalent ways to characterise the sets in , see [3] . 
We will use below a variant from Bugeaud [Ij . (There is a minor mistake in 
the corresponding part in [3].) 

We define the set functions on arbitrary sets E C as 

^^{E) = infj \D^f -.EcUdX 

i i 

where each Di is a dyadic hypercube. According to [Ij, is the class of Gs 
sets E such that for each t < s, there is a constant c such that 

(1) ^i,{E n D) > c^Ud) 

holds for all dyadic cubes D. 

If En are open sets and E = limsup£'„, then ([1]) holds and E is in 
provided that 



(2) liminf ^* nD)> c|L>|* 

71— >00 
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holds for ah dyadic cubes D, see [3j. We will use a small variation of this 
result, as stated in Section [2TT1 

In this paper, we will consider subsets of the interval [0, 1] . Since no subset 
of [0,1] belongs to the class we introduce instead the class ^^*([0, 1]), 
which is the analog of 5^** for subsets of [0,1]. The class ^^([0,1]) is the 
class of Gs subsets E of [0, 1] such that if we deploy copies of E, translated 
by an integer, along the real line, then we get a set that belongs to the 
class Equivalently, ^*([0, 1]) can be defined as using ([1]), where we 
instead require that ([1]) holds for all dyadic cubes D that are subsets of [0, 1]. 
With the same change, ([2]) can be used to determine if a set belongs to the 
class ^'([0,1]). 

Our first result is the following theorem, that gives a method to determine 
if a limsup-set belongs to the class §^''([0, 1]). 

Theorem 1. Let he open subsets of [0, 1], and Borel probability mea- 
sures, with support in the closure of E^, that converge weakly to a measure /i 
with density h in L'^ . Assume that > for all intervals I C [0, 1] with 
non-empty interior, and assume that for each e > 0, there is a constant C^, 
such that 

(3) \I\'^'\\hxi\\l<Cs\\hxi\\l 

holds for any interval I C [0, 1] . // there is a constant C such that 

(4) ^' " d;Ufc(x)d/ifc(y) < C 
holds for all k, then limsupE"/; is in the class ?^'^([0, 1]). 

We will prove Theorem [1] in Section [2j Next, we will present our applica- 
tion of this theorem. 

1.2. Diophantine approximation w^ith A-expansions. Let A € (^,1), 
and a > 1. We consider the sets 

Ex{a) = { X G [0, 1] : [a; - s„| < 2"°" for some Sn, infinitely often } 

where G { (1 — A) Ylk=o o-k^^ and Ok G {0, 1} }. This set can be written 
as a limsup-set, Ex{a) = Urn sup^^^ Ex^n{ct), where 

Ex,„{a) = { X G [0, 1] : |x - y| < 2""" for some y G Fa,„ }, 

n 

i^A,n = {y:y = (l-A)^afcA^ afcG {0,1}}. 

The membership in the classes 1#^([0, 1]) of the set Ex{a) for typical A, 
was studied in our paper [5], where it was proved that Ex{ct) belongs to 
^^^/"([0, 1]) for almost all A G §)• Here, we can state the following 
improvement of this result. 

Theorem 2. For almost all A G (i, 1), the set Ex{a) is in ^^/"([0, 1]). 

Remark 1. We note that we cannot have Ex{ol) G §^''([0, 1]) for any s > 1/a, 
since a simple covering argument shows that the Hausdorff dimension of 
Ex{a) is not larger than 1/a. 
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We should also remark that in our paper [5], we studied a different scaling 
of the sets Ex{a), so that they had diameter A/ (1 — A). This is unimportant 
for the result. In this paper it will prove more convenient to work with the 
sets Ex{a) if they are all subsets of [0, 1], hence the difference. 

The proof of Theorem [2] is in Section [3l It is an application of Theorem [TJ 



2. Proof of Theorem [T] 

2.1. A Lemma on Large Intersection Classes. We start with the fol- 
lowing lemma, that will be used later in the proof. It is the previously 
mentioned variation of 

Lemma 1. Let En be open sets and E = limsupi^n. If for any e > and 

t < s there is a constant ct.s such that 

liminf^4(S„nL>) >Cte\D\^^' 

holds for all dyadic cubes D C [0, 1], then E is in the class ^'^([0, 1]). 
The proof is a minor perturbation of the proof of Lemma 2 in [SJ. 

Proof. Let < t < u < s and e > 0. We take a dyadic cube D of length 
2"™, and choose a number n > m such that 

2—n{t—u) ^ 1 2" «— e) 

Let {li} be any disjoint cover E D D hy dyadic cubes. We write D as 
a finite union of disjoint dyadic cubes, 

k 

D=[J J„ 

i=i 

such that for any j either 

i) Jj = li for some i and \ Jj \ > 2~"', 

or 

ii) \Jj \ = 2~"' and those that cover E n Jj are subsets of Jj. 

Let Q{j) = {i ■ li Jj}. If j satisfies i), then Q{j) has exactly one 
element, and so 



If j satisfies ii), then for i G Q{j) we have 

I J- I \T \t~u\ 7 |M \ r\—n{t—u) I r |M \ — In— m(t— M— e) | r lit —1 1 r^\t—u~e \ j \u 

Hence, summing over i £ Q{j), we get 

(6) > c-l\Df-''-' J^^{E nJj)> J,-|"+^ 
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Combining ([5]) and ([6|) we get 

oo k 

i=i j=i 

This shows that E € ^^"([0, 1]). Since u was arbitrary, the conclusion of the 
lemma follows. □ 

2.2. Some Notations. We will work with functions and probability mea- 
sures on the interval [0, 1]. For a function /: [0, 1] — )• M and < s < 1, we 
denote by Rgf the function 

Rsf{x) = j \x-y\-'^f{y)dy, 

provided that the integral exists. Similarly, if is a measure on [0, 1], we let 

Rsli{x) = j |a; - y|~M/i(y), 

provided that the integral exists. This is the case, for instance, if / and 
the density of /u are in for some p > since then Young's inequality 
implies, with p > and q < \ such that \/p + 1/ q < 1, that 

p./iioo< iii-r*ii,ii/iip<oo. 

2.3. Some lemmata. In this section, we prove some basic estimates that 
will be used in the proof of Theorem [TJ 

Lemma 2. Let fi be a Borel measure on [0, 1]. Assume that for some s > 
holds 



C = J J \x — y\ " d/u(x)d/u(y) < oo. 
Then, if Mm = { {x,y) : |x — y\^^ > m}, we have for < t < s 
\x - y|~*d^(x)d^(y) < C ^ m*/^~^. 



s - t 



Proof. We note that JJ \x — y\ * d^(x)d^(y) < C for t < s and that M„ 
{ {x,y) : \x — > m*/'^ }. Using that // x iJ,{Mm) < C/m we get 



poo 






fix 


J ra^l ^ 




/•oo 


C 






c ' 


— m*''' 


s — 


t 



x-y\ d/i(x)d/i(y) 

< I -^dn + Cm*/""^ 

□ 

Corollary 1. If CLf^ Borel measures on [0, 1] that converge weakly to a 
measure ji, and JJ \x — yl^'' d/i„(x)d/i„(y) are uniformly bounded for some 
s > 0, then for t < s 



\x - y\ d/i„(x)d/i„(y) / / \x-y\ d^(x)d^(y) 



as n ^ oo. 
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Proof. Let e > and t < s. Let Mm denote the same set as before. By 
Lemma [2] we can take m and so large that 



\x - y\ *d/x„(x)d/i„(y) < e 



Mn 



for ah n > A^. Then 
jj |x - y|"*d/i„(x)d/irt(y) < e + J J min{|x - y|"*,m*/''}d;U„(x)d/i„(y). 
The function (x, y) i-^ min{|x — y|^*,m*/'^} is continuous, and so 

dfidfj, < \x - y\ d/i(x)d/i(y), 
as 71 — >■ oo. Since e is arbitrary this shows that 

hmsup // \x - y\~^ dfj.n{x)dfin{y) < // \x - y\~* d^{x)d^{y). 

n^oo J J J J 

Now, the (obvious) inequahty 



hm inf 

n— >oo 



jj \x-y\ *d/i„(x)d/in(y) > jj \x-y\ * d/i(x)d/i(y) 



proves the corollary. □ 

Lemma 3. Suppose h: [0,1] ^ M is a non-negative function such that Rgh 
is hounded. IfU C / C [0, 1] are two intervals, then 

1 /■ /i 

provided h does not vanish a.e. on I. 

Proof. Let V be an interval. We first note that if x G y, then 

(7) ^— |F|i-"< / \x - y\-' dy < ^^\V\^-' . 

1 — S Jy 1 — S 

Hence we have 

(8) \V\'-'xv{x) < Y3^Xy(^) ^ / 1^ - yrxviy) dy = RsXvix) 

for any x. For a; ^ y we have 

(9) Rsxvix) > d-'\V\, 

where d = sup{ \x — y\ : y & V}. 
Assume that h\i is of the form 

(10) h\i = '^CkXh^ 

where (Ik) are disjoint intervals that are subsets of /. Let Ju C J he the 
set of indices such that Ik is a subset of U for k € Jjj. Then 

Rs{h\i) > ^ CkRsXh- 

k&Ju 

By ([8]) and Q, we have for x & Ii that 

Rs{h\i){x) > ci\Ii\^-'' + ^ Ck\U\-'\h\, 
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and 



h{x) ^ ci 



Rs{h\i){x) ci\Ii\'-^+ Ck\Ur\h\' 
Hence 

1 f ^^/Irn-sY- 



f h{x) ^ 



If we assume that = d for all /c, then 



r h{x) 



_ sr^ ci\u\-'d' 

< V ci\U\-'d' ^ ^ 

The general case is now proved by approximating with h of the form (jlOp , 
with 141 = □ 

2.4. Final part of the proof of Theorem [Tl We will prove that for any 
t < s and e > 0, there is a constant c such that 

(11) liminf n/) > cl/l*+^ 

holds for any interval I C [0,1]. This implies according to Lemma [U that 
E is in ?f"([0,l]). 

Let / C [0, 1] be fixed and fix t < s. We denote by fin\i the restriction of 
Hn to /, i.e. Hn\i{A) = fin{I Pi A). For large enough n we may assume that 
Mn(/) > 0. 

We define new measures I'n by 

^ ^ IAiRt^J■n\I)~'^ dfin 

Clearly, the support of is equal to the support of fin\i- 

We will prove that if n is large enough, then i/„ satisfies the estimates 



(12) l^niU) < C- 



J\t+e 



for each interval U C I, where c does not depend on /. 

Suppose we have (fT2]) . Let {Uk} be a cover of /n£^n by disjoint intervals. 
Then ^ 

which implies that 



A FROSTMAN TYPE LEMMA FOR SETS WITH LARGE INTERSECTIONS 7 

holds for any cover {U^}- This imphes (jlip . 

It remains to prove that (jl2p holds for large enough n. First, we see that 
([T2]) is equivalent to the inequality 



(13) j^iRtfJ-n\l) ^ dfln < JJ^ j^{RtfJ-n\l) ^ d^„. 

Consider the left side of (fT3]) . By Lemma [3] this is bounded by the constant 
1, which is a constant that is independent of U, I and n. 
The right side of (fT3]) is estimated as 



HRtfJ-n\l) TJT > [ RtfJ-nll 777 - 

I tJ-nil) \Jl tJ-niljJ 



Jf RtfJ-n\l d^in 



Hence 

(14) / (Rtl^nll)-' d/.„ > i^"^^^' . 

J I jjRtlJ.n\ldlJ,n 

By Corollary [1] we have for t < s that 

Rtflnlldfln^ / RtfJ'lldfl, 



as n — 7> c». Hence the right hand side of (fH|) converges to 

fj Rtfi\i dn' 

We want to prove that there exists a constant c, such that 



j{Rtlln\l) ^ dfln > 1, 



holds for large enough n. To do so, it is sufficient to prove that 
(15) ' > 1 

This is proved using ([3D as follows. Let g{u) = for < |n[ < |/| and 
g{u) = otherwise. Then 



Rtfi\idfi = J^9{x - y)h{y) dy h{y) dx = J (g * {hxi)){hxi) dx 
Using Holder's inequality and then Young's inequality we get 
RMld^i < \\g * {hxi)\\2\\hxi\\2 < WdWiWhxiWl- 



Since H^Hi = *, ([3]) implies that 

jRtf^ijd^^ < ^^\i\-'-^hxi\\i = ^|/r*-M/)^. 

It is now apparent that (jl5p holds if we choose c > 2(7^/(1 — t). 
This establishes (jl3p . and hence finishes the proof. 
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3. Proof of Theorem [2] 

Here we will prove Theorem [2j The proof, that is based on Theorem [H 
is divided into three parts, found in Sections 13.1^ I3.2H3.3I and I3.4i We will 
construct measures that for almost all A satisfies the assumptions of The- 
orem [TJ In Section I3.H we prove that the assumption ([3]) of Theorem [1] is 
satisfied, and in Sections 13.21 and 13.31 we prove that the assumption (jH) of 
Theorem [1] is satisfied for almost all A G (^,0.64). Finally, in Section [37il 
we show how to conclude the desired result for almost all A G !)• 

3.1. Some estimates on densities. Let us now begin the proof of The- 
orem [2j According to Theorem [H to prove that E\[a) is in §f'*([0, 1]), it 
is sufficient to construct probability measures nx^k with support in Ex^k{c(), 
converging weakly to a measure with density hx in L^, such that there 
exist constants and C with the property that 

\I\'^'\\hxXlf2<Ce\\hxXl\\l 
holds for all intervals I C [0, 1], and 

jj yT'' d/UA,A:(x)d/iA,fc(y) < C 

holds for infinitely many k. We will construct such measures for all A E 
and prove that constants and C with the properties mentioned 
above, exists for almost all A € (^, 1). 

The measures fix,k are constructed in the following way. We put 

Sfc = { (ao, ai, . . . , Ofc) : a„ G {0, 1} }, 

and define vr^. : [0,1] by vTfc: (ao, ai, • • • , Ofc) H- (1 - X) Yln=o"'n >>'"'■ 

Hence Fx^k = ■^fc(^fc)- Let u denote the Lebesgue measure and let denote 
the normalised Lebesgue measure on an interval /. We denote by Br{x) the 
closed interval of length 2r and centre at x. Put 

(16) f^X,k = 2-'' ""Br.in.ia)), 

where = 2""^^. Then ^x,k is a probability measure with support Ex,k{c(), 
and iJ,x,k converges weakly to a measure ^x ^.s k ^ oo. The measure ^x 
is the distribution of the random Bernoulli convolution as described in [6], 
where it is proved that fix has a density hx in for almost all A € (^,1). 
It gives positive measure to any interval I C [0, 1] with non-empty interior. 

Let A be such that hx has density in L^. The density hx satisfies the 
functional equation 

(17) hx = ^hxoS^^ + ^hxoS:,\ 

where Si and 5*2 are the two contractions 

Si: X ^ Xx 

5*2 : X I—)- Ax + 1 — A. 
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This can also be written in the following form. If / is an interval, and Ii, I2 
are two intervals such that Si{Ii) = I and 82(12) = I, then 

j hxdiy = j hxo 5f ^ ^ ^ j ^'^^ 



(18) f^xil) = \t^xiS^\l)) + \t^xiS2\l)). 



or equivalently 
8) 

We prove the following property of the measure fj-x. 

Proposition 1. //A is such that nx has density hx in L^, then for any 
e > 0, there exists a constant such that 

(19) \I\^^'\\hxXi\\l<Ce\\hxXi\\\ 
holds for any interval I C [0, 1] . 

To prove Proposition [1] we will need the following lemma. 

Lemma 4. Put 6 = — O'^d fix A G (^7 1)- Then there is a constant K 
such that 

^(1 - A)-V^ < ;Ua([0, r)) < 2K{1 - A)-V. 

Moreover, there is a constant c such that for any interval I C [0,1] of length 
r, holds 

fixil) > cr^. 

Proof Let Vq = [0, 1 - A). Then [0, 1] n S^^Vq) = and by (HHD, we have 
K = /Ua(Vo), for some constant K. 

Now, let Vk be defined recursively by Vk = S'i(Va;-i) = [0,A''(1 - A)). 
Then i^xiVk) = 2-Va(V^o), so 

fixiVk) = K2-\ 

Consider the interval [0, r), were r < 1 — A. We let n be an integer such that 

Vn C [0,r) C K-i. 

Then 

log r - log(l - A) log r - log(l - A) 

] ^ < n < IH . 

log A log A 

We have 

/iA([0, r)) > ^lx{Vn) = K2-^ > f (1 - ^y'^'- 

and 

//A([0,r)) < ^Jix{Vn-l) = i^2-"+i < 2K{1 - A)-V. 

Let Co be the minimal ^A-™easure of a sub-interval of [0, 1] of length 
2A - 1. We have cq > 0. Consider an interval / C [0, 1]. If |/| < 2A - 1, then 
at least one of the intervals S^^{I) and S'^^(/) are sub-intervals of [0, 1]. So 
if \I\ = A^(2A- 1) then there is an interval I' C [0, 1] of length 2A — 1, such 
that / = S'i, o • • • o Si^il'). By 1^ we have nxil) > 2-^co. 

Finally, if / C [0, 1] is an arbitrary interval of length r we can choose an 
interval J Cl with |J| = A"(2A- 1), but A|/| < |J|. Since ^a(-^) > IJ-xi-J) > 
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2-"co = co(2A- > co(2A-l)"^A''r^, we conclude the theorem with 

c = co(2A-l)-^A^ □ 

Proof of PropositionUl Fix p > and consider the intervals Ix = Bp{x). 
The function 



fix) 



defined on the interval [0, 1], is clearly continuous, and hence it is bounded 
on [0, 1]. Moreover, using ()17p one can prove that for x = and x = 1, the 
function 

is bounded when r — )• 0. This is done in the following way. Assume that 
x = 0. The case x = 1 is similar by symmetry. Let r be fixed. We are going 
to estimate g{Xr) in terms of g{r). Let J = [0,Ar]. There are two intervals 
Ji and J2 such that J = 5i(Ji) = S2{J2)- We clearly have Ji = [0,r], and 
if r is sufficiently small, then J2 H [0, 1] = 0. Therefore, we assume that r is 
so small that we have J2 H [0, 1] = 0. 

Now, jj^ h\(iv = {) and ()18p implies that 

(20) [hxdu = l[ hxdu+l [ hxdu = \f hy^du, 
and by (fTT]) . 

(21) jhldv = ^j{h^o S^' + o S^'Y du=^J^hl du. 
By the definition of g we have 

g{r) - - 



ikh.du)'- 



Hence, by (pOll and (l2T]). 

By induction, we conclude that g{X^r) = g{r) for all n > 0. It is moreover 
easy to see that g must be bounded on the interval [Ap, p] , and so g is 
bounded on (0,/)]. (Indeed, g is continuous on any closed sub-interval of 
(0,1).) 

We have proved that both / and g are bounded. Let Co be a constant 
such that / < Co/{2p) = Cq/\Ix\ on [—p, 1 + p\. This means that we have 

(22) \I\\\hxXi\\l<Co\\hxXi\\l 

for all intervals / C [0, 1] of length 2p. We also let Ci be a constant such 
that g < Ci. Hence we have 

(23) r\\hxX[0,r)\\2 < C'l II^AX[0,r) 111 

for all < r < 1. By symmetry of px, we have the same inequality for the 
intervals (1 — r, 1]. 
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We will now proceed by induction in the following way. Suppose (|22p 
holds for all intervals / C [0, 1] of a certain length L < 1. Let J C [0, 1] be 
an interval with \ J\ = XL. We want to prove that 

\j\\\hxxj\\l < C2\\hxxj\\l 

There are two intervals Ji and J2 such that J = 5i(Ji) = 5*2 (J2)- By ([1 
we have 

(24) hxdv = \ hxdu + l I hx di^, 



and 



J Jji 2 



jhldu = ^j{hxo + hx o S^^f Av 



I J 

h\ du + — / h\du -\ / hx ■ hx o T du 



AXjj^ ^ 4A4 ^ 2Xjj^ 

where T = o Si is a translation. By the Cauchy-Bunyakovsky-Schwarz 
inequality we have 



/ 



'Jl 

and so 



hx-hx°Tdv<{ I h\dv I h\dv 
\Jji JJ2 



L ^ '5 + 4^ /, *5 + s (/, ^5 I <A 



4A 



1 



^ ' ' ^ hldu] +[ j hldu 



Jl J \JJ2 



We want to use (j22p on each of the integrals fj^ di/ and Jj^ di^ above, 
but it may happen that one of Ji and J2 are not a subset of [0, 1]. Assume 
therefore that Ji C [0,1] and that J2 is not necessarily a subset of [0,1]. 
(The case J2 C [0, 1] and Ji is not necessarily a subset of [0, 1] is analogous.) 
Let J2 be the intersection J2 = J2 H [0,1]. We have < IJ2I < |JiI. Our 
estimate (|23|) implies that 



[ hldv= f hldv<^(f hxdu\ [ hxdu) 

Jj2 JJ2 K2I \Jj2 J \-h\ \Jj2 J 



and ()22p implies that 

hldy<^^(^j^ hxdu^ . 



L 
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Hence 



- - 2 



4A VlJih Jji \J2\2 Jj2 



1 



(25) 



1 1 /Cnj,hxdu + Cf^-^Jj^h,d 
XW\\ /ji du + Jj^ /lA du 
We want to bound 

Cljj^h,d. + cj\-^jj^h,d 




Q 



/ji du + /j^ /lA di 

1 1 



\J I ^ 

and note that it is a weighted average of Cn and C? 1 . Let d = | Ji I and 

|J2|^ 

e = IJ2I2. Then < e < d. If we take Cq much larger than Ci, we may 
conclude, by Lemma U] and the fact that Q is a weighted average, that 

c|cd^ + Cf^f (l-A)-V 



+ 4(1 -A)- 



2 

1 1 zi 1 

<2 Kf e\f-2 



(26) = ° \. I Al^ < C^, V. 



where 



^(i-A)^ + f(i)' 

2c(l-A)^ + (Ci/Co)^Kt^ 
- oSIi 2c(l - A)^ + Kt<^ 



Combining (f25]l and ([26|) . we get that 



2 / /■ \ 2 



(27) / /,2d^<^( / j,^^^ 



J \J\ \JJ 



Hence we have determined that if (|22p holds for all intervals of a fixed 
size L, then (|27p holds for intervals of length XL. By induction, starting 
with (|22|) for intervals of length 2p, we conclude that 

(28) j^hldu<^(^jhxdi>j' 

holds for any interval of length 2A"/3. This is not yet quite what we want. 
However, by choosing Cq large, we can make rj arbitrarily close to 1. In this 
way, for any e, we will achieve the estimate 

hldu<^^^jh,du' 

for any interval of length 2A"p. Since Cq does not blow up when we change 
p a bit, we conclude (jlOp for intervals of any length. □ 
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3.2. Some estimates using Fourier analysis. We let fix^k be the mea- 
sures defined in the previous section. To emphasise the dependence on a, 
which will prove important in this section, we denote /iA,fc by fj-a,x,k and we 
let ha^x^k denote the densities of the measures fia,\,k- We are interested in 
determining for which a, A and s, there is a constant C such that 

\x - y\'^ dfla,X,k(.x)dfJ'a,X,k(.y) < C*' 

holds for infinitely many k. In this section, will prove the following propo- 
sition. 

Proposition 2. Let as < 1. If X ^ (^,0.64), then, almost surely, there 
exists a constant C such that 



(29) JJ\x-y\ " dna,x,k{x)dfia,x,k{y) < C, 

holds for infinitely many k. 

Proposition [5] implies together with Proposition [T] the statement of The- 
orem Elfor almost all A G (|,0.64). 

We will estimate the integrals in Proposition [2] using Fourier transforms. 
We use the convention that the Fourier transform of a function / is the 
function 

/(e) = j e~'^<-f{x)dx. 
Writing as before, Rsh{x) = | • l^** * h[x) = j \x — y\~^h{y) dy, we have 



\x - y\ dfla,X,k{^)dfJ,a,X,k{y) = J Kxk{x)RsKxk{x)dx 

= j K\k{i)RshZ\k{i)di = cs j \Kxk{i)?\ir^ di, 

where Cg is a constant depending only on s. We are going to estimate 

! \Kxk{mir' 

To determine the Fourier transform of h^^k we note that the Fourier 
transform of the measure li5a + 5o) is e-^™«cos(7rae). The measure Ha,x,k 
is the convolution of the measures ^{dx" + ^o), = 0,1,..., A;, and the 
uniform mass-distribution on the interval [— 2""*^, 2~"'^']. Hence we have 

^-.m % '/'A.fc(g) sin(2-"fee) A ( xn,, 

n=0 

and 

oo 

^a,A(e)=0A(On^°^(^^"^)' 
n=0 

where \<f>x,k(X)\ = |0a(OI = 1- We also introduce the related function 

k 

(31) ga,x,k 

n=0 
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where 

Va,k{0 = 



-tak 



j 1 if|el<2° 

[ ^ if lei > 2-^. 

It appears from f[30l) and ([3T]) that 27r|/ia,A,fc| ^ |^a,A,A;|- Hence, 



/p poo 
K,x,k{of\^r'd^< J b.,A,fc(oi'ier-'de = 2 \ga,x,km'\^r'd^, 

Moreover, instead of estimating / |fl'a,A,fc(OPl^l*~"'^ d^, we can do a bit more, 
and instead estimate / ba,A,fc(OnCP'*~"^ d^- 

Proposition 3. For almost all A € [^,0.64] there are constants C and D 
such that 

j \gaXkm''\i?'-^ de < C4(--i)'= + D, 

holds for infinitely many k. 

Since \ga,x,kiC)\ < 1, we can conclude from Proposition [31 that if as < 1, 
then for almost all A € 0.64] there is a constant C such that 

I \Kxkm'\cr'd^< I \ga,x,km'\^r'd^<c, 

holds for infinitely many k. Hence, Proposition [3] implies Proposition [2j 

In fact, as we shall see in Section 13. 4| Proposition [3] implies more, and 
will be important to get the desired result not only for A in [|, 0.64], but the 
entire interval [^,1]. 

Remark 2. We have defined the measures ^a,x,k so that their densities are 
normalised sums of indicator functions of intervals with radius 2""^^ and 
centres in F\ k- Let c > 0. The proof of Proposition [3] will work without 
changes, if we instead would have defined the measures ^a,x,k such that their 
densities where based on intervals of radius c2~"^ instead of 2~"^. 

In Section 13.41 we will make use of this somewhat more general version 
of Proposition [3l and we will then denote the corresponding measures by 
l^a,x,k,c, but to make the notations less heavy, we will only prove Proposi- 
tion [3] in the case c = 1. 

3.3. Proof of Proposition [3l We write the interval [0, oo) as the disjoint 
union [0, oo) = Ii{k) U h^k) U hik), where 

/i(A:) = [0,l), /2(fe) = [l,2"^'), and hik) = [2'^\ oo) , 

and treat separately the integrals 

M^)= [ ba,A,fe(e)l'l^l''"'d?, i = 1,2,3. 

Jh{k) 

On the intervals Ii{k) and /2(^) we have trivially that 

(32) 7]^,kiO^ = 1, 
and on the interval Isik), we have 

o4«fe 

(33) VaAO' = 
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Let US start by estimating Ji(A). By ([32|) we get that 
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(34) Ji(A) 



Jh(k) Jh{k) 



Next, we estimate, using ([52]) and that 

-/2(A) 



^/2(fe) ^1 V^^^o ^ 



We write 



/'fc(A,e) = ricos2(A"e) = ^ cos(^(a„-5„)A"e), 

n=0 a,bG'Sk n=0 

and put Oa^X) = X]n=o('^" ~ bn)X"'- Define p*: [l,oo) — )■ M, such that 
Pi(C) = for n < ^ < n + 1. Then, if t < 0, we have ptiC) > C*; 
therefore 

J2(A)<^ f cos(0,,fe(A)e)Pfc(A,e)P2s-i(e)de, 

J3(A)<^ Y y^^^cos(0,,,(A)OPfc(A,OP2.-5(e)de 



Hence 

f>m+l 



1 ^ i-m+L 

J2(A)<^ / cos(0,,b(A)e)Pfc(A,e)m2-idC, 

J3(A)<-^ 5] / cos{6a,t{X)0Pk{\,0m''-'d^. 



If a and 6 are two different elements in S^, then Oa^X) ^ 0, except for 
finitely many A. Therefore, for a ^ b, and almost all A, we have 



/ cos{ea,b{X)OPkiX,Om^'-U^< / cos(e„,fe(A)0m2^-i de 

'sin(6'a^5(A)(m + 1)) sin(6'a,6(A)m) \ 2 



9a,fe(A) 0a,b(A) 
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and we can thus write 

rm+l 



notk 

^—iJin 



m=l 

^ sin(6'a,b(A)m) ^ -|^2s-l sin(6'a,b(A)m) 2^-1 



2ak 



m=2 ' 

We now consider [p,q] C (|,0.64), and estimate J2{X)dX. For this 
purpose we will use the following lemma. To state it, we use the notation 
l{a,b) to denote the smallest integer / such that ai / 6; if a and b are two 
different elements of S^.. We also put 

_ f sin(g,,fc(A)m) ^^ 

Lemma 5. There is a constant Ki such that for all a, 6 € Sfc, with a ^ b, 
and all m, 

I •-'a, 6, ml 21 J^^IP 

It is intuitively clear that Lemma [5] follows from Solomyak's transversality 
lemma [6]. Details on how to prove this, are available in [6j, where it is shown 
how it follows from a lemma in [3], that is called Lemma 2.2 in [6]. 

By a change of order of integration we have that 



where 



r J2(A)dA < L1 + L2, 

Jv 



l=Q a,h&T,k I rn=2 



-'k I 

l{a,b)=l 



+ '^,6,l+2a'--(2"^)^* ^ — Ja,b,l 
fq frn+l 



1 ^ rg rm+L 

^2 = 7fcTT E E / / cos(0a,6(A)O^fe(A,6"i''"'dedA. 
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The first part is estimated with use of Lemma [5j We have 

1=0 a,b&T,k I ^m=2 ^ 



2Ki 



We now turn to the estimate of L2- If a = h, then f, = 0, and so 



1 rm+l 

oak 

= 7m J2 / cos(0e,d(A)e)m2-idedA 



Qfc 



ofc+l^l+ftfe+l EE// 



cos(^c,d(A)0"i^'"^ d^dA 



<^^i + ^2'=-^E('?-^)-"-^ 

m=l 

< + 4^^22^"^^ 

where K2 is a constant that does not depend on k. 

Putting the estimates of Li and L2 together, we find that 

(35) £ J2(A) dA < YZ^p + ^2(2— 2)fc < ^^(1 + 2(2— 2)fc)^ 

where is a constant that does not depend on k. 

We will now estimate JsiX). In the same way as for J2, we have that 



r MX)dX < Ml + M2, 
Jp 



where 



^i = iFaE E E Ja,Ai-^-r 

l(a,b)=l 



2.-5 _ ^2s-5^ 



Mo 



1 cafc °° f-q f-m+1 



4A;+1 
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The first part is again estimated with use of Lemma [5l We have 



1^ V2'=+i2^+i-'2i^i»-' < — 

4^+1 4^ -l-(2p)-i' 



We proceed with the estimate of M2. If a = 6, then Oa^t = 0, and so 



M' 



2 



2k+ 

'm=2°"- 

ak °° rq i-m+l 



1 cafc /-q rm+l 

7m cos(e,,,(A)Om2-5dedA 



m=2"'= 



2k+i ' 4fc+i 

where -fC4 does not depend on k. 

The estimates of Mi and M2 imply that 

(36) 1^ MX) dX < ^ + i^42(2^"-2)'^ < K,{1 + 2 

where is a constant. 

From dS]), (I35|) and ([36]), we conclude that 



(2QS-2)fc^ 



£ I \hx,km^\^?-'~' d^dA < i + 2(^3 + i^5)(l + 2(2— 2)fc)^ 

Hence, for almost all A € [p, q], there are constants C = C(A) and D = D{X) 
such that 

I iv.(e)nei'^-M^<c22(— i)^' + z), 

holds for infinitely many k. Since p and q are arbitrary this proves Propo- 
sition [3l 

3.4. Convolutions. We have proved the statement of Theorem[2]for almost 
all A G (^,0.64). In this section we are going to show the result for almost 
all A e 

Let A be such that A^ G (^,0.64). We define the measure /x^ ^ 2k+i ^ 

the convolution of fJ-2a,x^,k,c t^2a,x^,k,c° '^i^ 7 where Si is the contraction 

(2) (2) 
Si{x) = Xx. Hence, if we let haX2k+i denote the density of IJ'aX2k+i' 

(2) —1 

have /l^;;^^2fc+l = ^2a,A2,fc,c * (/i2a,A2,fc,c ° )• 

It follows, if we choose the constant c appropriately, that the measure 

(2) 

fJ'a\2k+i absolutely continuous with respect to fJ-a,x,2k+i, that is, the 
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support of IJ'a X2k+i -E'A,2fc+i(o)- This makes it natural to try to apply 

(2) 

Theorem [1] to the measures fJ'a X2k+i- Moreover, it is not difficult to see 

(2) 

that 3^ 2fc+i converges weakly to fix, the distribution of the corresponding 
Bernoulli convolution, as A; — )• oo. 

We will now prove the following result for the measures IJ-a X2k+i^ analo- 
gous to Proposition [2j 

Proposition 4. Let as < 1. If ^ (^,0.64), then, almost surely, there 
exists a constant C such that 



\x-y\ ' d^25, 2fc+i(^)d/^S,2fc+i(y) ^ 



'■a,\,2k+l\-^ )^f^a,\,2k+l'^ 

holds for infinitely many k. 

Proposition U] implies together with Proposition [1] the statement of The- 
orem [5] for almost all A such that G (^,0.64), that is for almost all 

Proof of Proposition To prove Proposition HI we do as in Section 13. 2^ and 
write 



// 



x-y\ 



('21 —1 

Now, we use the fact that h)^ 2k+i ~ ^2a,x^,k,c (^2q,a2,A;,c ^ ), or equiv- 

alently h^^'^^^k+i = ^2a,\^,k,c ■ {h2a,\^,k,c° ), together with the Cauchy- 
Bunyakovsky-Schwarz inequality to conclude that 

where c^^x is a constant that only depends on s and A. By Proposition [3] we 
now get that 

1^ - vr '^l^%k+ii^W!x2k+M < Cs,a(C4(— + D). 

This clearly implies Proposition HI □ 

We can now consider higher powers of convolutions of scalings of the 
measures iJ,a,\,k- Similarly as was done in Proposition HI we can conclude 

the statement of Theorem [2] for almost all A G '^/l), if we prove, instead 
of Proposition [31 an estimate on 



/ 



9a,x,k(t,)\ at,, 



analogous to Proposition [3l This can be done for any m in a straight-forward 
way, similar to the proof of Proposition [3l but would be somewhat lengthy 
and cumbersome. We will therefore leave out the details, since the proof of 
Proposition [3] contains all the necessary ideas. Since 1^4/5 — )• 1 as m ^ oo, 
this concludes the proof of Theorem [2l 
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